Suppose the random vector (X, Y ) satisfies the regression model Y = m(X) + σ(X)ε, where m(·) = E(Y |·) belongs to some parametric class {m θ (·) : θ ∈ Θ} of regression functions, σ 2 (·) = Var(Y |·) is unknown, and ε is independent of X. The response Y is subject to random right censoring, and the covariate X is completely observed. A new estimation procedure for the true, unknown parameter vector θ 0 is proposed, that extends the classical least squares procedure for nonlinear regression to the case where the response is subject to censoring. The consistency and asymptotic normality of the proposed estimator are established. The estimator is compared via simulations with an estimator proposed by Stute in 1999, and both methods are also applied to a fatigue life data set of strain-controlled materials.
Introduction
Consider the heteroscedastic regression model Y = m θ 0 (X) + σ(X)ε, (1.1)
where σ 2 (·) = Var(Y |·), m θ 0 (·) = E(Y |·) is the regression curve, known upto a parameter vector θ ∈ Θ with true unknown value θ 0 , Θ is a compact subset of IR d , and the error term ε is independent of the (one-dimensional) covariate X. Suppose that Y is subject to random right censoring, i.e. instead of observing Y , we only observe (Z, ∆), where Z = min(Y, C), ∆ = I(Y ≤ C) and the random variable C represents the censoring time, which is independent of Y , conditionally on X. Let (Y i , C i , X i , Z i , ∆ i ) (i = 1, . . . , n) be n independent copies of (Y, C, X, Z, ∆). We are interested in the estimation of the parameter vector θ 0 by means of an extension to censored data of the classical least squares procedure for nonlinear regression. When the regression curve is polynomial, this estimation problem has been studied extensively in the literature, see e.g. Heuchenne and Van Keilegom (2004) for a literature overview. When the regression curve belongs however to some parametric, but nonlinear family of regression functions, much less research has been devoted to this problem. Stute (1999) proposed the following estimation procedure, which is an extension of his earlier paper (Stute (1993) ) on linear regression : minimize
with respect to θ, where
is the jump size of the bivariate empirical distribution functionF (x, y) proposed by Stute (1993) 
W in I(X (i) ≤ x, Z (i) ≤ y), Z (1) , . . . , Z (n) are the order statistics of Z 1 , . . . , Z n , and X (i) and ∆ (i) are the corresponding covariate and censoring indicator (note that for simplicity we have considered untied observations). The method is very easy to implement in practice and, unlike many of the estimation procedures for polynomial regression, it is not based on a, sometimes delicate, tuning or bandwidth parameter. A major drawback of this estimation procedure however, is that it assumes that (1) Y and C are independent (unconditionally on X) and that (2) P (Y ≤ C|X, Y ) = P (Y ≤ C|Y ), which is satisfied when e.g. C is independent of X. Both assumptions are often violated in practice.
In this paper we propose a new estimation method for θ 0 , which does not require the above two assumptions. The idea of the method is as follows :
1. Estimate the true unknown survival time of a censored observation (X i , Z i , ∆ i = 0) by a nonparametric estimator of E(Y i |X i , Y i > Z i ).
2. Estimate θ 0 by minimizing the least squares criterium for completely observed data, applied to the 'synthetic' data obtained in step (1).
For polynomial regression models a similar estimation procedure has been studied in Heuchenne and Van Keilegom (2004) . The estimation in step (1) is done by using kernel smoothing with an adaptively chosen bandwidth parameter. The details of the proposed method are given in the next section. The paper is organized as follows. In the next section, the estimation procedure is described in detail. Section 3 summarizes the main asymptotic results, including the asymptotic normality of the estimator. In Section 4 we present the results of a simulation study, in which the new procedure is compared with the method of Stute (1999) . Section 5 is devoted to the analysis of data from a study on the relationship between fatigue life of metal and applied stress. The Appendix contains the proofs of the main results of Section 3.
Notations and description of the method
As outlined in the introduction, the idea of the proposed method consists of first estimating the unknown survival times of the censored observations, and second to apply a standard nonlinear least squares procedure on the so-obtained artificial data points. Define
Hence, we can work in the sequel with the variable Y * i instead of with Y i . In order to estimate Y * i for a censored observation, we first need to introduce a number of notations.
Let m 0 (·) be any location function and σ 0 (·) be any scale function, meaning that m 0 (x) = T (F (·|x)) and σ 0 (x) = S(F (·|x)) for some functionals T and S that satisfy
Then, it can be easily seen that if model (1.1) holds (i.e. ε is independent of X), then ε 0 is also independent of X.
. The probability density functions of the distributions defined above will be denoted with lower case letters, and R X denotes the support of the variable X. It is easily seen that
for any location function m 0 (·) and scale function σ 0 (·). The idea is now to choose m 0 and σ 0 in such a way that they can be estimated consistently. As is well known, the right tail of the distribution F (y|·) cannot be estimated in a consistent way due to the presence of right censoring. Therefore, we work with the following choices of m 0 and σ 0 :
where F −1 (s|x) = inf{y; F (y|x) ≥ s} is the quantile function of Y given x and J(s) is a given score function satisfying 1 0 J(s) ds = 1. When J(s) is chosen appropriately (namely put to zero in the right tail, there where the quantile function cannot be estimated in a consistent way due to the right censoring), m 0 (x) and σ 0 (x) can be estimated consistently. Now, replace the distribution F (y|x) in (2.1) by the Beran (1981) estimator, defined by (in the case of no ties) :
where
K is a kernel function and {a n } a bandwidth sequence, and definê
as estimators for m 0 (x) and σ 02 (x). Next, let 
is the i-th order statistic ofÊ 0 1 , . . . ,Ê 0 n and ∆ (i) is the corresponding censoring indicator. This estimator has been studied in detail by Van Keilegom and Akritas (1999) . This leads to the following estimator of Y * i :
where T < τ H 0 ε and τ F = inf{y : F (y) = 1} for any distribution F . Note that due to the right censoring, we have to truncate the integral in the definition ofŶ * T i (however, when τ F 0 ε ≤ τ G 0 ε , the boundŜ i can be chosen arbitrarily close to τ F 0 ε for n sufficiently large). Finally, the new data points (2.5) are introduced into the least squares problem
In order to focus on the primary issues, we assume the existence of a well-defined minimizer of (2.6). The solution of this problem can be obtained using an (iterative) procedure for nonlinear minimization problems, like e.g. a Newton-Raphson procedure. Denote a minimizer of (2.6) byθ 
before, these coefficients θ T 01 , . . . , θ T 0d can be made arbitrarily close to θ 01 , . . . , θ 0d , provided
Asymptotic results
We start by showing the convergence in probability ofθ T n and of the least squares criterion function. This will allow us to develop an asymptotic representation forθ
), which in turn will give rise to the asymptotic normality of these estimators. The assumptions and notations used in the results below, as well as the proof of the two first results, are given in the Appendix.
2 . Then,
,
The proof of this result follows readily from Theorem 3.2.
Remark 3.4 Note that when model (1.1) is polynomial, the representation in Theorem 3.2 reduces to the one obtained by Heuchenne and Van Keilegom (2004) . Note that when the model is polynomial, E(Y *
Practical implementation and simulations

Practical implementation
The estimatorθ T n depends on a number of parameters, namely on the bandwidth a n , the score function J, and the cut off point T . All of them can be chosen in a data driven way. First, for the score function J, we recommend the choice J(s) = b
, where b = min 1≤i≤nF (+∞|X i ). In this way, the region where the Beran estimatorsF (·|X 1 ), . . . ,F (·|X n ) are inconsistent is not used, and on the other hand, we exploit to a maximum the 'consistent' region. A number of adaptive procedures can be used to select the bandwidth a n , depending on the criterion function one has in mind. If the goal would be to optimize the estimation of m 0 and σ 0 , one could use e.g. a bootstrap approach that selects the bandwidth that minimizes the estimated MSE of their estimators. On the other hand, it seems more appropriate here to choose the bandwidth in function of the end goal, namely in order to optimize the estimation of θ. We therefore prefer to choose the bandwidth by minimizing the least squares criterium function
over a grid of a n -values. Note that we have added the argument a n toŶ *
T i andθ
T n (i = 1, . . . , n) in order to emphasize the dependence on a n of these quantities. We illustrate this procedure to select the bandwidth in the next subsection.
Finally,Ŝ i (i = 1, . . . , n) can be chosen larger (or equal) than the last order statistiĉ E 0 (n) of the estimated residuals. In this way, all the Kaplan-Meier jumps of the integral (2.5) are considered.
As an alternative to the normal approximation obtained in the previous section, a bootstrap procedure can be used to approximate the distribution ofθ T n . The procedure proposed by Li and Datta (2001) can be used for this. It extends Efron's (1981) procedure developed for censored data to the nonparametric regression context. If in addition one wants to take advantage of the validity of model (1.1), a more elaborate procedure can be used, in which the survival times are drawn under model (1.1) (instead of from a nonparametric estimator of their conditional distribution).
Simulations
We compare now the finite sample behavior of Stute's (1999) estimator with the newly proposed estimator. We are primarily interested in the behavior of the bias and variance of the two estimators. The simulations are carried out for samples of size n = 100 and the results are obtained by using 250 simulations.
In the first setting, we generate i.i.d. data from the normal homoscedastic regression model
where θ 0 = θ 1 = 11, σ 2 = 0.5 or 1, X has a uniform distribution on the unit interval and the error term ε is a standard normal random variable. The censoring variable C satisfies C = (α 0 /11) sin(α 1 X 2 ) + σε * , for certain choices of α 0 and α 1 and where ε * has a standard normal distribution. We further assume that ε and ε * are independent of X, and that ε is independent of ε * . It is easy to see that, under this model,
We compare here the new method for homoscedastic errors, with Stute's method. Note that the conditions of the latter method, which are outlined in Section 1 (i.e. Y and C are independent and P (Y ≤ C|X, Y ) = P (Y ≤ C|Y )) are not satisfied for this model. We work with a biquadratic kernel function K(x) = (15/16)(1 − x 2 ) 2 I(|x| ≤ 1). In order to improve the behavior near the boundaries of the covariate space, we work with the boundary corrected kernels proposed by Müller and Wang (1994) . Since these kernels can become negative, it may happen that the Beran estimator decreases at certain time points. In these cases, the estimator is redefined as being constant until it starts increasing again. For the two methods, the Levenberg-Marquardt algorithm (Levenberg (1944) and Marquardt (1963) ) is used to solve equations (1.2) and (2.6) (for a fixed value of the bandwidth parameter).
The bandwidth a n is selected by minimizing expression (4.1) over a grid of 20 possible bandwidths between 0 and 1. For small values of a n , the window [x − a n , x + a n ] at a point x might not contain any X i (i = 1, . . . , n) for which the corresponding Y i is uncensored (and in that case estimation of F (·|x) is impossible). We enlarge the window in that case such that it contains at least one uncensored data point in its interior. It might also happen that the bandwidth a n at a point x is larger than the distance from x to both the left and right endpoint of the interval. In such cases, the bandwidth is redefined as the maximum of these two distances. Table 1 summarizes the simulation results for different values of α 0 , α 1 and σ. For fixed value of σ, the values of α 0 and α 1 are chosen in such a way that some variation in the censoring probability curves is obtained (different proportions of censoring, different degrees of smoothness of the censoring probability curve,...). The proportion of censoring (in % and denoted CP in the tables) is computed as the average of P (∆ = 0|x) for an equispaced grid of values of x. In the second setting, we generate i.i.d. data from the normal homoscedastic regression model
where θ 0 = 0.8 and θ 1 = 1. The other quantities in model (4.3) are chosen as in (4.2). The censoring variable C satisfies C = α 0 exp(α 1 X + α 2 X 2 ) + σε * , with the same characteristics as in the first setting. In the third setting we consider a normal heteroscedastic regression model
with θ 0 = 1, θ 1 = 10, X has a uniform distribution on [0, 1], ε has a standard normal distribution, and γ equals 1, 2, 3 or 4. The censoring variable is given by C = α 0 X + sin(α 1 X) + γε * , where ε * has a standard normal distribution. We further assume that ε and ε * are independent of X, and that ε is independent of ε * . The assumptions of Stute's method outlined in the introduction are again not satisfied here, and moreover the model is heteroscedastic, whereas Stute works under a homoscedastic model. The assumptions of the new method are satisfied. Since the model is heteroscedastic, we estimate here the scale function σ(·). Table 3 summarizes the simulation results for increasing values of γ, approximately constant proportion of censoring and approximately the same shape of censoring probability curve. Tables 1 till 3 show that the new method outperforms Stute's estimator when the restrictive conditions of Stute's procedure are not satisfied. This is especially reflected in the bias, which is in most cases quite large in comparison with the new method.
Let us now consider a homoscedastic model, in which C and X are independent :
where θ 0 = 0.8, θ 1 = 1, and X, ε and σ are as in model (4.2). The censoring variable C satisfies C = α 0 +ρε * for some α 0 and ρ, where ε * is the same as before. This model equals model (4.3) except that the censoring variable is independent of X here. It is easily seen that Stute's assumptions are satisfied in that case. The results in 
2 ) + (γX + 0.1)ε, (4.6) where θ 0 = 1.25, θ 1 = 0.8 θ 2 = 1, and γ = 1, 2, 3 or 4. The other quantities of (4.6) are chosen as in (4.2) and the censoring variable C satisfies C = α 0 exp(α 1 X + α 2 X 2 ) + γε * for some α 0 , α 1 , α 2 and ε * chosen as in the other models. Table 5 shows that also for small samples the new method performs well. Finally, other simulations (not reported here) show that models different from the ones considered here, lead to similar simulation results : whenever the restrictive conditions of Stute's method are satisfied, his method outperforms the new one, whereas the new method behaves considerable better than Stute's estimator in situations where these conditions are not satisfied.
Data analysis
The relationship between fatigue life of metal, ceramic and composite materials and applied stress is an important input to design-for-reliability processes. This is motivated by the need to develop and present quantitative fatigue-life information used in the design of jet engines. For example, according to the air speed that enters an aircraft engine, the fan, the compressor and the turbine rotate at different speeds and therefore are submitted to different stresses.
We present, in this section, a set of low-cycle fatigue life data for a strain-controlled test on 26 cylindrical specimens of a nickel-base superalloy. The data were originally described and analyzed in Nelson (1984) , and can also be found in Meeker and Escobar (1998) . Figure 1 shows the log of the number of cycles before failure against the pseudostress (Young's modulus times strain). Four censored data are observed; a data point is censored if failure occurs in the radius, weld or threads (censoring coming from impurities or vacuums) or if no failure occurs at all. Therefore, it may be reasonable to think that censoring depends on pseudostress. So, the assumptions of Stute's (1999) procedure (i.e. Y independent of C and P (Y ≤ C|X, Y ) = P (Y ≤ C|Y )) are possibly not satisfied. Moreover, the data seem to follow a heteroscedastic model. A model often used in the literature (see Pascual and Meeker (1997) ) is given by
where ε is independent of X and E[ε] = 0. Unlike Pascual and Meeker (1997) , we do not impose any parametric form for σ(·). This has obviously the advantage of being more robust and flexible, although Pascual and Meeker's parametric model for σ(·) will be more efficient in some particular situations.
Note that our method does not require the estimation of the variance function σ 2 (·) (since we work with σ 02 (·) in the estimation procedure). It would however be possible to estimate σ 2 (·) by using the following idea, in analogy with the idea developed in Heuchenne and Van Keilegom (2005) for the nonparametric estimation of the mean function : create artificial data points Y * and (
* can be defined similarly), and estimate the variance based on these new synthetic data. This estimator of σ 2 (·) can then also be used to validate the parametric form of σ 2 (·) used in Pascual and Meeker (1997) .
The parameter γ in model (5.1) can be interpreted as a fatigue limit parameter i.e. specimens tested below this fatigue limit level of stress will never fail. Therefore, this parameter is constrained to be positive. The data set is then analyzed by means of Stute's procedure and the new method. For the computation of the variance, an asymptotic formula is used for Stute's method while for the new method we make use of a bootstrap approximation (see Subsection 4.1 for more details). Finally, confidence intervals are constructed for each parameter.
The results obtained by Stute's method areβ 0s = 11.0474,β 1s = −2.1315,γ s = 65.2730 with estimated variances 13.6611; 0.6587; 120.5972 respectively, while the new method providesβ 0n = 9.2432,β 1n = −1.7221,γ n = 71.1797 with estimated variances 9.3389; 0.4100; 116. 
Appendix : Proofs of main results
The following notations are needed in the statement of the asymptotic results given in Section 3.
(z) and for any x ∈ R X ,
LetT x be any value less than the upper bound of the support of H(·|x) such that inf x∈R X (1 − H(T x |x)) > 0. For a (sub)distribution function L(y|x) we will use the notations l(y|x) = L (y|x) = (∂/∂y)L(y|x),L(y|x) = (∂/∂x)L(y|x) and similar notations will be used for higher order derivatives.
The assumptions needed for the results of Section 3 are listed below.
(A1)(i) na 4 n → 0 and na
(ii) R X is a compact interval.
(iii) K is a density with compact support, uK(u)du = 0 and K is twice continuously differentiable.
(iv) Ω is non-singular.
(ii) J is twice continuously differentiable, 1 0 J(s)ds = 1 and J(s) ≥ 0 for all 0 ≤ s ≤ 1. (iii) The function x → T x (x ∈ R X ) is twice continuously differentiable.
(A3)(i) F X is three times continuously differentiable and inf x∈R X f X (x) > 0.
(ii) m 0 and σ 0 are twice continuously differentiable and inf x∈R X σ 0 (x) > 0.
(A4)(i) η(z, δ|x) and ζ(z, δ|x) are twice continuously differentiable with respect to x and their first and second derivatives (with respect to x) are bounded, uniformly in x ∈ R X , z <T x and δ.
(ii) The first derivatives of η(z, δ|x) and ζ(z, δ|x) with respect to z are of bounded variation and the variation norms are uniformly bounded over all x.
(A5) The function y → P (m 0 (X) + eσ 0 (X) ≤ y) (y ∈ IR) is differentiable for all e ∈ IR and the derivative is uniformly bounded over all e ∈ IR.
is continuous in (x, y) and sup x,y |y 2 L (y|x)| < ∞, the same holds for all other partial derivatives of L(y|x) with respect to x and y up to order three, and sup x,y |y 3 L (y|x)| < ∞.
k (t, z, δ|x) equals the first (second) derivative of B k (t, z, δ|x) with respect to x when t = T x and equals 0 otherwise.
(A9) Θ is compact and θ T 0 is an interior point of Θ. All partial derivatives of m θ (x) with respect to the components of θ up to order three exist and are continuous in (x, θ) for all x and θ. Moreover, the matrix Ω defined in Theorem 3.2 is non-singular.
Proof of Theorem 3.1. We prove the consistency ofθ T n by verifying the conditions of Theorem 5.7 in van der Vaart (1998, p. 45) . From the definition ofθ T n and condition (A10), it follows that it suffices to show that
. The second statement of Theorem 3.1 then follows immediately from (A.1) together with the consistency ofθ T n .
To prove (A.1) we write
In order to treat S n1 and S n3 (θ), we first consider the differencê
Using Proposition 4.5 of Van Keilegom and Akritas (1999) (hereafter abbreviated by VKA),
We will now prove the convergence to zero of each of these five terms. First, by using integration by parts, we can write
By Corollary 3.2 in VKA (1999), the first term of (A.2) is |E
0T
i |O P (n −1/2 ), while from Proposition 4.5 in VKA (1999), it follows that the second and fourth term are |E
ing Proposition 4.5 of VKA (1999) and the fact that
In a similar way it can be shown that 
. Hence, combining this with the rates obtained for B 3i and B 5i we get that
Therefore, using Proposition 4.5 in VKA (1999) and the uniform consistency ofF
n ). In the same way, using (A.3) and the continuity of m θ (x) on R X × Θ, sup θ |S n3 (θ)| = O P ((na n ) −1/2 (log a −1 n ) 1/2 ). For S n2 (θ), write
Since E[ε 02 ] < ∞, it is easily seen that
For S n22 (θ) and S n23 (θ) we use Theorem 2 of Jennrich (1969) . The function g in this theorem is given by g θ (x) = {E(Y * T |x) − m θ (x)} 2 for S n22 (θ) and for S n23 (θ). Since E|ε 0 | < ∞, |g θ (x)| ≤ C 1 and|g θ (z, δ, x)| ≤ h(z, δ) = C 2 zδ + C 3 for some C 1 , C 2 , C 3 > 0, and for all (z, δ, x) and θ, where h is integrable with respect to the joint distribution of (z, δ, x). From this, We have
such that R 22 is a sum of i.i.d. random variables with zero mean (by definition of θ T 0 ). For each component j of R 21 , we use a technique similar to Theorem 1 of Heuchenne and Van Keilegom (2004) to obtain an asymptotic representation. So we obtain
(j = 1, . . . , d; i = 1, . . . , n). For R 1 , we write
∂m θ 1n (X i ) ∂θ ∂m θ 1n (X i ) ∂θ = R 11 + R 12 + R 13 .
Using assumption (A9), the fact that |Ŷ
i |O P ((na n ) −1/2 (log a −1 n ) 1/2 ) (see the proof of Theorem 3.1), we have that R 11 = o P (1). Again using condition (A9), The result now follows.
